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Abstract In this paper, an investigation on the low-

velocity impact (LVI) response of a shear deformable

beam laminated by carbon nanotube reinforced com-

posite (CNTRC) layers is performed. The composite

beam is ‘‘auxetic’’ due to the negative out-of-plane

Poisson’s ratio (NPR) through special symmetric

stacking sequences of layers that are designed based

on the Classical Laminate Theory. To study the effect

of the out-of-plane NPR on the LVI response of the

composite beam, a newly defined Hertz model is

developed. The motion equations of Kármán type for

the CNTRC laminate beam are derived in the frame-

work of the Reddy beam theory and solved by means

of a two-step perturbation approach while the dynamic

equation of the impactor is built on Newton’s Law.

Since temperature-dependent material properties of

both carbon nanotube (CNT) and matrix are

employed, the thermal influence on the LVI behavior

is also investigated. Moreover, a piece-wise method is

employed herein to investigate the effect of function-

ally graded (FG) patterns of the CNT reinforcements

on the impact response. Numerical results elucidating

the effects of temperature, FG distribution, and CNT

volume fraction on the out-of-plane Poisson’s ratio

and impact response of the beam are obtained by using

a Range–Kutta method and discussed in details.

Keywords Carbon nanotube reinforced composite �
Auxetic laminated beam � Low-velocity impact �
Negative Poisson’s ratio � Temperature-dependent

properties

1 Introduction

Nowadays, nanocomposites reinforced by carbon

nanotubes (CNTs), which are perceived as the next

generation advanced composite materials, have been

widely studied all over the world due to their

extraordinary mechanical properties and significant

weight reduction capability when compared to tradi-

tional composite materials reinforced by fibers. The-

oretically, the strength-to-weight ratio of CNTs can

reach about 77,000 kN m kg-1 comparing to Kevlar

fiber of 2500 kN m kg-1 (Takakura et al. 2019). The

application of such lightweight materials on aerospace

structures can translate directly to fuel saving and

energy efficiency. In the design of composite struc-

tures, the performance of impact resistance is given

priority to because the mechanical impact, such as the
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low-velocity impact (LVI) caused by tool drop and

high-velocity impact due to hail impact and bird strike,

could seriously degrade the performance of the

composite structure (Hill et al. 2012, 2013; Tan et al.

2012; Heydari-Meybodi et al. 2016). The impact

damage tolerance is especially important for providing

design guidance on determining the minimum allow-

able gauge thickness of composite structures (e.g.,

aircraft fuselage).

Negative Poisson’s ratio (NPR), also known as

‘‘auxetic’’ (Evans et al. 1991), is an anomalous

physical property (Fan et al. 2020) that conventional

materials normally do not have. Theoretically, mate-

rials with NPR are expected to demonstrate a superior

mechanical property to resist indentation by densify-

ing in both the longitudinal and transverse directions

subjected to impact (Mir et al. 2014). Figure 1 shows a

comparison of the indentation responses between

nonauxetic and auxetic materials. From the existing

literature (Clarke et al. 1994; Harkati et al. 2007; Chen

et al. 2013), the out-of-plane NPR is possible to be

obtained through design and optimization of the

stacking sequence for some fiber reinforced composite

laminates. The key that enables the composite lami-

nates to produce the out-of-plane NPR is the large

anisotropicity of the single ply, as indicted by previous

research (Harkati et al. 2007). In other words, the out-

of-plane Poisson’s ratio can be negative only when the

difference between the Young’s moduli of a single ply

in the longitudinal direction and the in the transverse

direction is large enough. One promising candidate of

such composite to achieve the auxeticity (i.e., out-of-

plane NPR) is the CNT/PmPV composite. Results

from molecular dynamics (Han and Elliott 2007) show

that the longitudinal modulus of CNT/PmPV with

14% volume fraction of CNT is about 52 times of the

transverse modulus. In this study, this composite will

be used to predict the out-of-plane NPR and investi-

gate the NPR effect on the low-velocity impact

response. Here, it should be mentioned that Shen and

his co-authors (Shen et al. 2020a, b; Yang et al.

2020a, b) have already designed the auxeticity from

carbon nanotube reinforced composite (CNTRC)

laminates and analyzed the effect on vibration and

flexural behaviors. However, the effect of the aux-

eticity on the LVI response of the composite, which is

expected to greatly improve the impact resistance, has

not yet been thoroughly studied.

To date, a number of theoretical and numerical

investigations (Dai 2014; Wang et al. 2014; Jam and

Kiani 2015; Malekzadeh and Dehbozorgi 2016;

Ebrahimi and Habibi 2017; Salami 2017; Zarei et al.

2017; Bayat et al. 2018; Song et al. 2018; Fan and

Wang 2017a, b) on the LVI of CNTRC structures have

been conducted after the material properties of CNT

(Han and Elliott 2007) and their corresponding

micromechanical models (Shen 2009; Shen and Zhang

2010) were reported. In these studies, the emphasis is

mainly placed on the functionally graded (FG) distri-

butions of CNTs and their improvements in the

material properties (Shen 2009; Kwon et al. 2011)

and the impact behaviors. However, the impact

models used in these studies have not accounted for

the effect of the FG distribution and the out-of-plane

NPR effect potentially produced from these auxetic

CNT composites. Although the Hertz contact model

was modified by Fan and Wang (2017a, b) by taking

into account the FG influence, most studies still used

the classical Hertz theory for isotropic bodies in

contact which neglects the effect of out-of-plane

Poisson’s ratio.

To accurately analyze the LVI process, the contact

law between the impactor and the object needs to be

properly established. The first elastic contact model

was proposed by Hertz in 1882. This model is

generally used for both isotropic bodies in contact.

Modification to this model is required if one wants to

apply this model to the LVI analysis of composites, for

Fig. 1 A comparison of

indentation response

between nonauxetic and

auxetic materials (Mir et al.

2014)
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which the materials are normally treated as anisotropic

materials (Mittal and Khalili 1994). Although the

Hertz contact between two elastic anisotropic bodies

(Sveklo 1974) was proposed in 1974, it has not been

used much due to its mathematical complexity which

involves the integration of imaginary numbers and

difficulty in numerical implementations for engineer-

ing applications. Therefore, it seems extremely chal-

lenging to analyze the contact for composite materials.

Fortunately, some special stacking sequences, such as

symmetrical or anti-symmetrical layups, as well as

some special structures (e.g., beam structure) would

allow us to simplify the contact problem for composite

materials, and thus, make the analysis of low-velocity

impact practically more viable.

To authors’ best knowledge, the present work is the

first endeavor to analyze the effect of out-of-plane

negative Poisson’s ratio on LVI response of auxetic

nanocomposite laminated structures. In this study, we

focused on the CNTRC laminate which is designed to

produce the effective out-of-plane NPR in either the

direction of 13 or the direction of 23. Note that the

Poisson’s ratio in the direction of 13 is different from

the value in the direction of 31 due to the anisotrop-

icity of the Poisson’s ratio in the 13 plane. In addition,

the anisotropic NPR needs to be distinguished from

the isotropic NPR (Hou et al. 2012), which denotes

that the NPRs are same at two perpendicular directions

in a plane. Materials with anisotropic NPRs would

exhibit different auxetic behaviors if the loading is

applied in different directions. On the contrary,

materials with an isotropic NPR would show the same

auxetic behavior as long as the loading is applied in the

isotropic plane.

The auxetic CNTRC laminated structure consid-

ered in this paper is a Reddy beam (Heyliger and

Reddy 1988), which allows us to simplify it into a one-

dimensional (1D) structure in mechanics. For such 1D

structure, the Hertz models for transversely isotropic

materials (Turner 1979; Greszczuk 1982; Swanson

2005), which are much simpler than Hertz models for

anisotropic materials in terms of mathematical calcu-

lation and numerical implementation, are adapted here

in the current LVI analysis. In particular, the dynamic

equation of the beam is built based on a higher order

theory and von Kármán stress–strain relationship

while the dynamic equation of the impactor is

established on the foundation of Newton’s second

law of motion. The effective out-of-plane Poison’s

ratio is calculated through the J matrix derived based

on the constitutive relation, using which, the stacking

sequences for achieving the out-of-plane NPR effect

can be obtained. Furthermore, the material properties

of CNTRC are temperature-dependent. The motion

equations of the impactor and the beam are solved by a

fourth order Runge–Kutta method simultaneously.

The parametric studies will illustrate the influences of

CNT volume fraction, temperature, and FG pattern on

both NPR and low-velocity impact behaviors of the

nanocomposite beam.

2 Theoretical models

In the present study, we consider a laminated beam

with length L, width b, and thickness h, which consists

of 5 CNTRC plies. Each ply has a constant thickness

hp, and thus, the total thickness of the beam is h = 5hp.

The sphere-shape impactor has a mass mi, an initial

velocity �V0, and a tip radius Ri. The impact location is

at the center of the beam. The schematic of LVI on the

beam is depicted in Fig. 2.

2.1 Modified contact model

The Hertz contact law is more accurate and complete

than other contact theories in the case of LVI

approximation (Rilo and Ferreira 2008; Abrate

2011). In the Hertzian theory, the contact force Fc

can be expressed as:

FcðtÞ ¼ Kc½dðtÞ�r; ð1Þ

where d(t) denotes the indentation, whose definition is

dðtÞ ¼ �SðtÞ � �WðtÞ; ð2Þ

in which �SðtÞ denotes the displacement of the impactor

and �WðtÞ represents the deflection of the plate at the

impact location. For composite laminates, Sun and

Chen (1985) identified a nonlinear contact relation

based on the Hertz law in the loading phase for

composite materials, where the exponent r in Eq. (1)

can be determined empirically as 1.5. In the unloading

phase, the contact force Fc can be written as
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FcðtÞ ¼ Fmax

dðtÞ � d0

dmax � d0

� �s
; ð3Þ

where Fmax and dmax are the maximum contact force

and indentation, respectively. The local indentation d0

equals to zero when dmax remains below a critical

indentation during the loading phase. It was found that

the exponent s = 2.5 provides a good fit to the

experimental data when the diameter of the impactor

is no larger than 1.27 cm (Sun and Chen 1985). In

Eq. (1), Kc is defined as the contact stiffness and its

expression is

Kc ¼
4

3
E�

ffiffiffiffiffi
Ri

p
; ð4Þ

where Ri is the radius of the impactor tip and E* is the

contact modulus, which is expressed by

1

E� ¼
1

Ee
i

þ 1

Eb
i

; ð5Þ

in which, Ee
i and Eb

i are effective contact moduli of the

impactor and beam, respectively. The impactor made

of metal is assumed to be isotropic, its effective

contact modulus can be easily written as

1

Ee
i

¼ 1 � m2
i

Ei
; ð6Þ

where Ei and mi are the Young’s modulus and

Poisson’s ratio of the impactor, respectively. Usually,

for convenience, the expression of effective contact

modulus for the composite beam can be written in a

simple form by ignoring the effect of Poisson’s ratio

and written as

1

Eb
i

¼ 1

E33

; ð7Þ

in which E33 is the out-of-plane Young’s modulus of

the beam. However, Olsson et al. (2006) indicated that

this tentative approximation of ignoring the Poisson’s

ratio effect might cause the underestimation of contact

modulus by 10–20%. To include the effect of

Poisson’s ratio in the Hertz contact law, especially

for out-of-plane, in this paper, we propose to modify

the Eb
i originally suggested by Greszczuk (1982) for

the transversely isotropic contact

1

Eb
i

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ce

11C
e
33

p
þ Ge

31Þ
2 � ðCe

13 þ Ge
31Þ

2
q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ge

13

�
Ce

11

q
ðCe

11C
e
33 � Ce

13C
e
13Þ

; ð8Þ

where Ce
ij and Ge

ij (i = 1, 3; j =1, 3) are effective

material properties of the target beam and can be

calculated by

Ce
ij;G

e
ij

� �
¼ 1

h

Zh=2

�h=2

�Cij; �Gij

� 	
k
dZ; ð9Þ

in which �Cij and �Gij are material properties of the kth

layer in a laminated beam and are functions of

Poisson’s ratios, which will be discussed in detail in

the following section.

2.2 Out-of-plane Poisson’s ratios

For the out-of-plane properties of a laminated CNTRC

beam with N layers, we focus on the effective

Poisson’s ratios me13 and me23, which are significantly

affected by its stiffness. According to the Classical

Laminate Theory (CLT), the out-of-plane effective

Poisson’s ratios are

Fig. 2 Geometry and

coordinate system of an

auxetic CNTRC laminated

beam
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me13 ¼ � J31

J11

; ð10aÞ

me23 ¼ � J32

J22

; ð10bÞ

in which J11, J22, and J33 are elements of the J matrix

which can be written as

J ¼ A�1 þ A�1B D� BA�1B
� 	�1

BA�1; ð11Þ

where A, B, and D are extension stiffness matrix,

extension-bending coupling stiffness matrix, and

bending stiffness matrix of the CNTRC laminate,

respectively. The detailed derivation of J matrix is

discussed in ‘‘Appendix A’’. The elements of the

aforementioned stiffness matrixes A, B, and D can be

defined as

Aij;Bij;Dij

� 	
¼
XN
k¼1

Z hk

hk�1

ð �CijÞkð1; Z; Z2ÞdZ; ð12Þ

where �Cij are coefficients of the transformed stiffness

matrix �C for the kth layer. They can be calculated from

the stiffness coefficients and the ply angle h,

�C11 ¼ C11 cos4 hþ ð2C12 þ 4C66Þ cos2 h sin2 h

þ C22 sin4 h;

�C22 ¼ C22 cos4 hþ ð2C12 þ 4C66Þ cos2 h sin2 h

þ C11 sin4 h;
�C33 ¼ C33;

�C66 ¼ ðC11 þ C22 � 2C12 � 2C66Þ cos2 h sin2 h

þ C66ðsin4 hþ cos4 hÞ;
�C12 ¼ ðC11 þ C22 � 4C66Þ cos2 h sin2 h

þ C12ðsin4 hþ cos4 hÞ;
�C13 ¼ C13 cos2 hþ C23 sin2 h;

�C16 ¼ ðC11 � C12 � 2C66Þ cos3 h sin h

þ ðC12 � C22 þ 2C66Þ cos h sin3 h;

�C23 ¼ C23 cos2 hþ C13 sin2 h;

�C26 ¼ ðC11 � C12 � 2C66Þ cos h sin3 h

þ ðC12 � C22 þ 2C66Þ cos3 h sin h;
�C36 ¼ ðC13 � C23Þ cos h sin h;

ð13Þ

The stiffness matrix C can be expressed by

compliance matrix elements

C ¼

S22S33 � S2
23

S

S13S23 � S12S33

S

S12S23 � S13S22

S
0

S13S23 � S12S33

S

S11S33 � S2
13

S

S12S13 � S23S11

S
0

S12S23 � S13S22

S

S12S13 � S23S11

S

S11S22 � S2
12

S
0

0 0 0
1

S66

2
6666666664

3
7777777775
;

ð14Þ

in which

S ¼ S11S22S33 � S11S23S23 � S22S13S13 � S33S12S12

þ 2S12S13S23;

ð15Þ

where the compliance matrix can be easily obtained

from elastic parameters of the composite material

S ¼

1=E11 �m12=E11 �m13=E11 0

�m12=E11 1=E22 �m23=E22 0

�m13=E11 �m23=E22 1=E33 0

0 0 0 1=G12

2
664

3
775:

ð16Þ

2.3 Dynamic models

As shown in Fig. 2, an auxetic CNTRC laminated

beam is in a two-dimensional (2D) plane-coordinate

system where X and Z are along the directions of the

beam length and thickness, respectively. We assume

that �W and �Wx are the deflection and the mid-plane

rotation of the beam, respectively. Based on the

Reddy’s higher-order shear deformation theory (Hey-

liger and Reddy 1988), the dynamic equations of a

shear deformable laminated beam considering von-

Kármán nonlinearity can be expressed by

s11

o4 �W

oX4
þ s12

o3 �Wx

oX3
þ

�B11

�A11

o2 �NT

oX2
þ o2 �MT

oX2
þ �Nx

o2 �W

oX2

¼ Qþ I1
o2 �W

o�t2
þ Î5

o3 �Wx

oXo�t2
� 4

3h2
Î7

o4 �W

oX2o�t2
;

ð17Þ

s21

o3 �W

oX3
þ s22

o2 �Wx

oX2
� s23

�Wx þ
o �W

oX


 �
� s26

o �NT

oX
þ o �ST

oX

¼ ~I3
o2 �Wx

o�t2
� 4

3h2
~I5

o3 �W

oXo�t2
;

ð18Þ

where
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�Nx ¼
1

L

ZL

0

�A11

2

o �W

oX


 �2

þ �B11

o �Wx

oX
� 4

3h2
�E11

o �Wx

oX
þ o2 �W

oX2


 �
� �NT

" #
dX;

ð19Þ

and the coefficients s11, s12, et al., are defined by

s11 ¼ � 4

3h2
�F11 �

�B11
�E11

�A11


 �
;

s12 ¼ �D11 �
4

3h2
�F11 �

�B11

�A11

�B11 �
4

3h2
�E11


 �
;

s21 ¼ � 4

3h2
�F11 þ

16

9h4
�H11 þ

4 �E11

3h2 �A11

�B11 �
4

3h2
�E11


 �
;

s22 ¼ �D11 �
4

3h2
�F11 �

4

3h2
�F11 �

4

3h2
�H11


 �
� 1

�A11

�B11 �
4

3h2
�E11


 �2

;

s23 ¼ A55 �
4

h2
D55 �

4

h2
D55 �

4

h2
F55


 �
;

s26 ¼
�B11

�A11

� 4

3h2

�E11

�A11

;

ð20Þ

where �A11, �B11, and �D11 can be obtained from Eq. (12),

while �E11, �F11, and �H11 are respectively defined as

ð �E11; �F11; �H11Þ ¼
XN
k¼1

Zhk
hk�1

ð �C11ÞkðZ3; Z4; Z6ÞdZ:

ð21Þ

Here, the definitions of �A55, �B55, and �D55 are

ð �A55; �B55; �D55Þ ¼
XN
k¼1

Zhk
hk�1

ð �C55Þkð1; Z; Z2ÞdZ; ð22Þ

where �C55 is equal to G13. In Eqs. (20) and (21), hk is

the z-coordinate of the top surface of the kth ply and h0

represents the z-coordinate of bottom surface of the

beam. In Eqs. (17) and (18), the inertias Ii (i = 1, 2, 3,

4, 5, 7) are defined by

ðI1; I2; I3; I4; I5; I7Þ ¼
XN
k¼1

Zhk
hk�1

qkð1; Z; Z2; Z3; Z4; Z6ÞdZ;

ð23Þ

where qk is the mass density of the kth ply, and

�I2 ¼ I2 �
4

3h2
I4; �I3 ¼ I3 �

8

3h2
I5 þ

16

9h4
I7; ~I3 ¼ �I3 �

�I2 �I2
I1

;

�I5 ¼ I5 �
4

3h2
I7; ~I5 ¼ �I5 �

�I2I4
I1

; ~I5 ¼ �I5 �
�I2I4
I1

;

Î5 ¼ ~I3 �
4

3h2
~I5; ~I7 ¼ I7 �

I4I4
I1

; Î7 ¼ ~I5 �
4

3h2
~I7:

ð24Þ

In Eqs. (17)–(19), �NT , �MT , and �ST are force,

moment, and higher order moment caused by the

temperature rise, and defined by

ð �NT ; �MT ; �PTÞ ¼
XN
k¼1

Zhk
hk�1

ðAxÞkð1; Z; Z3ÞDTdZ; ð25Þ

�ST ¼ �MT � 4

3h2
�PT ; ð26Þ

in which DT is the temperature rise from the reference

temperature T0 to the current temperature T and

Ax ¼ �C11ðcos2 ha11 þ sin2 ha22Þ þ �C12ðsin2 ha11 þ cos2 ha22Þ
þ 2 cos h sin h �C16ða11 � a22Þ;

ð27Þ

where a11 and a22 are in-plane thermal expansion

coefficients.

The longitudinal vibration of the impactor can be

neglected in the analysis of LVI. Hence, the motion

equation of the impactor can be described by New-

ton’s Law as

mi €�W
iðtÞ þ FcðtÞ ¼ 0; ð28Þ

and the corresponding initial conditions for its

displacement and velocity are set to zero.

2.4 CNTRC material models

A single CNTRC layer where CNTs are aligned can be

treated as an orthotropic material. The in-plane

material properties of this CNTRC layer, such as

elastic and shear moduli can be estimated based on an

extended mixture law (Shen 2009). The detailed

expressions are written as

123

158 Y. Fan, Y. Wang



E11 ¼ g1VcntE
cnt
11 þ VmE

m;

g2

E22

¼ Vcnt

Ecnt
22

þ Vm

Em
;

g3

G12

¼ Vcnt

Gcnt
12

þ Vm

Gm
;

ð29Þ

and the in-plane Poisson’s ratio m12 is written as

m12 ¼ Vcntm
cnt
12 þ Vmm

m; ð30Þ

where E11, E22, and G12 are elastic moduli and shear

modulus, respectively, of a CNTRC layer. The

superscript or subscript cnt denotes carbon nanotube,

while m denotes matrix. V is the volume fraction of

component (reinforcement or matrix) in the composite

and Vcnt ? Vm = 1. It is worth noting that efficiency

parameters gi (i = 1, 2 and 3) are introduced in

Eq. (29) to take into account the small-scale effect.

3 Solution method

A two-step perturbation technique is adopted herein to

solve the governing equations obtained in Sect. 2. For

convenience, the following dimensionless parameters

are introduced

x ¼ p
X

L
;W ¼

�W

L
;Wx ¼

�Wx

p
;Nx ¼

L2 �Nx

p2 �D11

;

ðMx;PxÞ ¼
L2

p2h �D11

�Mx;
4

3h2
�Px


 �
;

ðc11; c12; c21; c22Þ ¼
1
�D11

ð�s11; s12;�s21; s22Þ;

xL ¼ XL
L

p

ffiffiffiffiffi
q0

E0

r
;

c23 ¼ L2

p2 �D11

s23; c13 ¼ L2 �A11

p2 �D11

; ðc14; c15Þ

¼ L

p2 �D11

�B11 �
4

3h2
�E11;

4

3h2
�E11


 �
;

ðc16; c26Þ ¼
1
�A11L

�B11; �B11 �
4

3h2
�E11


 �
;

c17 ¼ � I1E0L
2

p2q0
�D11

;V0 ¼
�V0

p

ffiffiffiffiffi
q0

E0

r
;

ðc18; c19; c28; c29Þ ¼ �ðÎ5;�
4

3h2
Î7; ~I3;�

4

3h2
~I5Þ

E0

q0
�D11

; t ¼ p�t
L

ffiffiffiffiffi
E0

q0

s
;

cT1DT ¼ L2AT
xDT

p2 �D11

; ðcT3; cT6ÞDT

¼ L2DT
p2h �D11

DT
x ;

4

3h2
FT
x


 �
; kq ¼

FcbL

p2 �D11

;

ð31Þ

in which �W� is the initial deflection which is caused by

the temperature variation and the geometrically

imperfection in the present case. q0 and E0 are herein

the reference values of qm and Em at the room

temperature (T = 300 K).

To simplify the perturbation procedure, s = et is

introduced after dimensionless process. By employing

Eqs. (31), (17) and (18) may then be rewritten in the

following dimensionless form

c11

o4W

ox4
� c12

o3Wx

ox3

� p
Zp

0

c13

2

oW

ox


 �2

þc14

oWx

ox
� c15

o2W

ox2

" #
dx

8<
:

9=
;

o2W

ox2

þ cT1DT
o2W

ox2
� c16

o2NT

ox2
� cT3DT

o2MT

ox2

¼ kq þ c17

o2W

os2
þ c18

o3Wx

oxos2
þ c19

o4W

ox2os2
;

ð32Þ

c21

o3W

ox3
� c22

o2Wx

ox2
þ c23 Wx þ

oW

ox


 �
� c26

oNT

ox

� ðcT3 � cT6ÞDT
o2MT

ox2

¼ c28

o2Wx

os2
þ c29

o3W

oxos2
:

ð33Þ

Since two ends of the beam are simply supported,

the boundary conditions are written as

W js¼0¼
oW

os

����
s¼0

¼ 0; Mxjs¼0¼
oMx

os

����
s¼0

¼ 0: ð34Þ

The solutions of the deflection and the rotation can

be both divided into two parts as

Wðx; sÞ ¼ W�ðxÞ þ ~W 0ðx; sÞ; ð35Þ

Wxðx; sÞ ¼ W�
xðxÞ þ ~W0

xðx; sÞ; ð36Þ

in which ~W 0ðx; sÞ is an additional deflection caused by

LVI while W*(x) is an initial deflection due to initial

thermal bending moment. ~W0
xðx; sÞ and W�

xðxÞ are the

mid-plane rotations corresponding to ~W 0ðx; sÞ and

W*(x), respectively. Note that W*(x) and W�
xðxÞ are

equal to 0 at room temperature and can be obtained

through solving thermal bending equations reported in
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Fan and Wang (2016). In such a case, Eqs. (32) and

(33) can be rewritten as

c11

o4W 0

ox4
� c12

o3 ~W0
x

ox3

� p
Zp

0

c13

2

o ~W 0

ox


 �2

þc14

o ~W0
x

ox
� c15

o2 ~W 0

ox2

" #
dx

8<
:

9=
;

o2 ~W 0

ox2
þ o2W�

ox2


 �

� p
Zp

0

c13

2
2
oW 0

ox

oW�

ox
þ oW�

ox


 �2
 !

þ c14

oW�
x

ox
� c15

o2W�

ox2

" #
dx

8<
:

9=
;

o2W 0

ox2

¼ kq þ e2 c17

o2W 0

os2
þ c18

o3 ~W0
x

oxos2
þ c19

o4W 0

ox2os2


 �
;

ð37Þ

c21

o3W 0

ox3
� c22

o2W0
x

ox2
þ c23 W0

x þ
oW 0

ox


 �

¼ e2 c28

o2W0
x

os2
þ c29

o3W 0

oXos2


 �
: ð38Þ

Using a two-step perturbation technique, the solu-

tions can be written in the following forms

W 0 x; s; eð Þ ¼
X
j¼1

e jwj x; sð Þ;

W0
x x; s; eð Þ ¼

X
j¼1

e jwxj x; sð Þ;

kq x; s; eð Þ ¼
X
j¼1

e jkj x; sð Þ:

ð39Þ

where e is a small perturbation parameter without any

physical meaning. Using Eq. (39), a set of perturba-

tion equations for the different order of e can be

obtained and solved order by order. We obtain the

asymptotic solutions

W 0 ¼ eAð1Þ
10 sinmxþ O e4

� 	
; ð40Þ

W0
x ¼ eBð1Þ

10 cosmxþ e2B
ð2Þ
10 cosmxþ e3B

ð3Þ
10 cosmx

þ Oðe4Þ;
ð41Þ

kq ¼ ½g30e €A
ð1Þ
10 þ g31eA

ð1Þ
10 � sinmx

þ ½ eAð1Þ
10

� �3

g331 þ eAð1Þ
10

� �2

eA�
10g332� sinmxþ Oðe4Þ:

ð42Þ

We take x = p/2, which is the impact location. The

second perturbation parameter eAð1Þ
10

� �
in Eq. (42) can

be replaced by the maximum dimensionless deflection

of the beam Wm through Eq. (40). After applying the

Galerkin method, Eq. (42) can be rewritten as

g30

d2 Wmð Þ
ds2

þ g31 Wmð Þ þ g32 Wmð Þ2þg33 Wmð Þ3

¼ gqðWi �WmÞ
3
2: ð43Þ

After the process of non-dimensioning, Eq. (28)

can be rewritten as

€Wi ¼ giðWi �WmÞ3=2: ð44Þ

A fourth order Runge–Kutta numerical method is

used to solve Eqs. (43) and (44). All symbols used in

Eqs. (43) and (44) is described in detail in ‘‘Appendix

B’’.

4 Parametric studies and discussion

In this section, the numerical examples of the LVI for

the CNTRC laminated beams with various parameters

are presented. The beam with b = 1 mm and

L = 15 mm is simply supported on both ends. As is

mentioned before, CNTRC is assumed to be temper-

ature-dependent and the material properties for the

matrix are mm = 0.34, am = 45(1 ? 0.0005DT) 9

10-6 K-1, Em = (3.51 - 0.0047T) GPa, and qm-

= 1150 kg/m3. The single-walled carbon nanotubes

are chosen as the reinforcements and their tempera-

ture-dependent material properties are listed in

Table 1 (Han and Elliott 2007). In our computation,

three volume fractions (Vcnt = 0.11, 0.14, and 0.17) of

CNTs are considered and the corresponding efficiency

parameters are given as (Shen 2009)

Vcnt ¼ 0:11 : g1 ¼ 0:149; g2 ¼ 0:934; g3 ¼ 0:934;

Vcnt ¼ 0:14 : g1 ¼ 0:150; g2 ¼ 0:941; g3 ¼ 0:941;

Vcnt ¼ 0:17 : g1 ¼ 0:149; g2 ¼ 1:381; g3 ¼ 1:381:

In addition, we assume that a single CNTRC ply

satisfy the transversely isotropy with m23 = 0.48 in the

out-of-plane direction.

To investigate the effect of FG of the CNT, we

modeled the FG-CNTRC using a piece-wise method to

create the functionally grading profile of the CNT

across the thickness. Two FG patterns, namely, FG-X

and FG-O, are created and their NPR effects and the

LVI responses are studied and compared. Note that

this piece-wise method has also been used in the

previous work (Fan et al. 2018a, b) for modeling
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functionally graded graphene reinforced composite

structures. For FG-X, the volume fraction of CNT for

each layer along the thickness direction is [0.17/0.14/

0.11/0.14/0.17]; for FG-O, the volume fractions of all

five layers are [0.11/0.14/0.17/0.14/0.11]. When the

volume fractions of CNT are the same for all the layers

in a beam, it is referred to as UD (i.e., uniform

distribution). Unless otherwise stated, the material

properties for the CNTRC laminated beam and

assumptions mentioned above are used in the follow-

ing examples.

4.1 Validation of the developed theoretical model

against FEA

Before carrying out parametric studies, we have to test

the effectiveness and accuracy of the present method.

The layup of the beam is [h/-h/h/-h/h] and h is ply

angle that can be changed from 0 to 90. Utilizing the

commercial software ABAQUS, a finite element

analysis (FEA) is carried out to calculate the effective

out-of-plane Poisson’s ratio me13 with various ply angle

h. In our finite element model, a three-dimensional

solid computational domain of 15 mm long, 1 mm

wide, and 5 mm thick was created and partitioned into

5 individual layers. The thickness of each layer is

0.1 mm. The stacking sequence of the laminate was

defined by the orientation of each layer at the

integration point. Since 5 layers were obtained by

partitioning a complete solid domain, the adjacent

layers share the same nodes at the interface boundary

which conforms to the perfect bonding assumption.

Figure 3 shows good agreement of me13 between the

results obtained from the present method and FEA.

Besides, it can be found that the NPR of the laminate is

generated in the range of ply angle from 7 to 44 and the

minimal value of NPR reaches lower than -1 at a ply

angle of around 20. The CNTRC laminate with an

asymmetric layup [h/-h]3 is also studied. The results

depicted in Fig. 3 show that the asymmetric layup

[h/-h]3 can also produce the effective out-of-plane

NPR. In addition to the asymmetric CNTRC laminate,

we have also performed NPR studies on the quasi-

isotropic and cross-ply layup CNTRC laminates.

However, results showed that the NPRs do not exist

for those layups. It appears that only layups consisting

of alternating h and -h layers are prone to produce

NPRs for the considered CNTRC laminates.

Our aforementioned analysis shows that the

CNTRC laminate produces most significant NPR

effect when the ply angle is close to 15. Therefore,

the stacking sequence of [15/- 15/15/- 15/15] is

herein selected for the beam to study the NPR effect on

the LVI response. Similarly, we first present the

comparison of LVI between theoretical results and

finite element results (as shown in Fig. 4) as another

validation. In the FEA, the impactor was modeled as a

rigid shell with a semi-spherical shape and discretized

using the 4-node 3-D bilinear rigid quadrilateral

elements (i.e., R3D4 element in ABAQUS). The

CNTRC laminate beam was discretized using the

Table 1 Temperature-dependent material properties for single-walled CNT (Han and Elliott 2007) (mCN
12 ¼ 0:175, qCN = 1750 kg/

m3)

T (K) ECN
11 (TPa) ECN

22 (TPa) GCN
12 (TPa) aCN11 (9 10-6/K) aCN22 (9 10-6/K)

300 5.6466 7.0800 1.9445 3.4584 5.1682

400 5.5679 6.9814 1.9703 4.1496 5.0905

500 5.5308 6.9348 1.9643 4.5361 5.0189

Fig. 3 The effective Poisson’s ratio, me13, of [h/-h/h/-h/h] and

[h/-h]3 CNTRC laminate beams
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8-node linear brick, reduced integration, hourglass

control elements (i.e., C3D8R elements in ABAQUS).

The meshing results in a total of 63,906 elements. The

contact between the impactor and the CNTRC lami-

nate beam was enforced using the General Contact

algorithm of Abaqus/Explicit, which defines a linear

pressure-overclosure relationship between the con-

tacting surfaces. The friction coefficient for contacts

between the metal impactor and a composite material

is taken as 0.3. The same approach of defining the

contact in ABAQUS was used in (Pham et al. 2020;

González et al. 2012). The impact problem was solved

using the Dynamic, Explicit step in ABAQUS. The

impactor has an initial velocity of 0.1 m/s and a mass

of 0.01 g for the theoretical model and the FEA. It

should be noted that in this case, Eq. (5) for calculat-

ing contact modulus should be modified as

1

E� ¼
1

Eb
i

: ð45Þ

Note that the geometry and material properties of

CNTRC layer are the same as those used in the

previous section. From Fig. 4, good agreement

between the results from theoretical method and

FEA is found.

To compare the impact responses between the

auxetic beam (i.e., beam with NPR) and the nonaux-

etic beam (i.e., beam with positive Poisson’s ratio

(PPR), we performed additional study cases for the

composite beams with the stacking sequences of

[45/- 45/45/- 45/45] and [75/- 75/75/- 75/75].

These two stacking sequences enable the composite

beam to produce positive out-of-plane Poisson’s

ratios, me13 = 0.0265 ([45/- 45/45/- 45/45]) and

me13 = 0.44567 ([75/- 75/75/- 75/75]) (as shown in

Fig. 3). A comparison of the obtained deflections for

the three cases subjected to LVI is illustrated in Fig. 5.

The reduced deflection of the auxetic beam is also

visualized using FEA as depicted in the inset of Fig. 5.

Note that the deflection is a scaled-up illustration of

the deformation and does not represent the true

deformation of the beam. The true deformation is

only about a few micrometers (see Fig. 5) and cannot

be visually observed. The scaled-up deformation

allowed us to better visually observe the effect of the

NPR on the beam deformation. Figure 6 shows the

stress distributions of the [15/- 15/15/- 15/15] aux-

etic beam and [75/- 75/75/- 75/75] nonauxetic

beam at different times subjected to LVI. Note that

the impactor was not displayed during the impact for a

better illustration of the stress distribution in the

CNTRC laminate beams.

This reduced elastic deflection is due to the

mechanism of NPR effect, i.e., the material flows into

the vicinity of the impact location (see Fig. 2). It can

also be explained by checking Eqs. (8) and (9) where a

negative Poisson’s ratio yields a larger Eb
i , and thus a

larger E� [see Eq. (5)], which results in a larger

contact stiffness Kc [see Eq. (4)] and hence a higher

contact force Fc [see Eq. (1)]. On the contrary, the

material below impact location flows away in the

Fig. 4 The results of dimensionless historical force within

contact obtained by theoretical method (TM) and FEA

Fig. 5 The historical deflections of the [15/-15/15/-15/15]

auxetic beam (with NPR), the [45/-45/45/-45/45] and the

[75/-75/75/-75/75] nonauxetic beam (with PPR)
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lateral direction in the nonauxetic beam. In summary,

both theoretical results and finite element results

indicate that NPR (i.e., auxeticity) can reduce the

indentation, thereby potentially improving the impact

resistance of the CNTRC laminated beam.

4.2 The effect of CNT volume fraction on NPR

and LVI response

The effect of CNT volume fraction on Poisson’s ratio

me13 is shown in Fig. 7. In the figure, we compare the

out-of-plane Poisson’s ratio with three different vol-

ume fractions of CNT for each layer and it can be seen

that the NPR obtained with 0.11 CNT volume fraction

is very close to that with 0.17 CNT volume fraction.

This shows that increasing the CNT volume fraction

does not necessarily enhance the NPR effect. An

interesting finding is that the NPR is lower than - 1,

only when the Vcnt for each layer is equal to 0.14. This

phenomenon caused by small-scale effect (Han and

Elliott 2007) is not unique and it can be also found in

Shen’s work (Shen 2009), where the CNTRC beam

with 0.14 CNT volume fraction shows the lowest

deflection in bending behavior. According to the

small-scale effect, the material properties of the

composite do not linearly increase if the volume

fraction of CNT linearly increases. The effective out-

of-plane Poisson’s ratios can be determined using

Eqs. (10a) and (10b), which are expressed as functions

of J11, J22, J32, and J31 (i.e., elements in the J matrix).

The J matrix can be determined using the classical A,

B, and D laminate stiffness matrices from Eq. (11).

Fig. 6 Stress distributions of the [15/-15/15/-15/15] auxetic laminate beam and [75/-75/75/-75/75] nonauxetic laminate beam at

different times subjected to LVI (unit in MPa) (the impactor was not displayed during the impact)

Fig. 7 The effect of CNT volume fraction on effective

Poisson’s ratio me13 of a [h/-h/h/-h/h] CNTRC laminated beam
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The volume fraction of the CNT affects the engineer-

ing constants of each lamina (e.g., E11, E22, and G12),

leading to changes in A, B, D matrices of the

composite laminate, and hence, changes in the effec-

tive out-of-plane Poisson’s ratios. However, the A, B,

D matrices of the composite laminate reflects a

complicated combined effects of the engineering

constants and stacking sequence, and thus, making it

difficult to identify a simple straightforward relation

between the CNT volume fraction and out-of-plane

Poisson’s ratios. In following examples, only 0.14

volume fraction of CNT is selected for each layer if

there is no otherwise statement (Table 2).

Note that the rigid body impactor was only used in

the aforementioned FEA and theoretical analysis

aiming to verify the accuracy of our analytical

derivations in the developed theoretical model. This

is because the assumption of the rigid body enables a

more convenient numerical convergence during the

FEA implementation and avoids potential numerical

issues raised by contact penetrations. In the following

examples, the impactor is no longer a rigid body and

assumed to be made of steel in the subsequent

theoretical analysis of LVI. The material properties

of the steel impact is: Ei = 207 GPa, mi = 0.3, and

qi = 7960 kg/m3. The contact modulus between the

steel impactor and the CNTRC laminate beam is

described using Eq. (5). The geometry of the impactor

is spherical with the radius equaling the width of the

beam. Unless otherwise stated, the initial velocity of

the impactor is taken to be 5 m/s. Figure 8 shows the

influences of CNT volume fraction on both the contact

force and indentation. Three volume fractions of CNT

for each layer, i.e., 0.11, 0.14, and 0.17, are considered

in this case study. It is found that the beam with a

Vcnt = 0.17 in each layer exhibits the highest peak

contact force and the lowest indentation. In particular,

the peak contact force increased by 19% and the

indentation decreased by 16% when the volume

fraction changes from 0.11 to 0.17. It is interesting

to note that the beam with 0.14 CNT volume fraction

which shows the most significant auxeticity (as shown

in Fig. 7) does not produce the best LVI behavior. This

is because the stiffness of the beam is also changed

when different CNT volume fractions are used and this

stiffness effect seems to dominate in this case. To

further address the conflict of the 0.14 CNT volume

fraction case gives the best NPR but not the best LVI

behavior, it is essential to understand the different

effects of NPR and stiffness on the LVI behavior of the

CNTRC laminates. However, the dilemma is that if

one changes the CNT volume fraction, it simultane-

ously changes the stiffness and the value of the NPR of

the CNTRC laminate. Therefore, it is quite

Table 2 The values of J11 and J31, and out-of-plane Poisson’s

ratios of [15/-15/15/-15/15] CNTRC laminated beams with

CNT volume fractions ranging from 0.11 to 0.17

Vcnt = 0.11 Vcnt = 0.14 Vcnt = 0.17

J11 (m/N) 15.398 12.511 9.978

J31 (m/N) 10.377 10.798 6.524

me13 - 0.673 - 0.863 - 0.654

Fig. 8 The effect of CNT volume fraction of the [15/-15/

15/-15/15] auxetic nanocomposite beam: a historical contact

force; b historical indentation
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challenging to study the individual effect of NPR and

stiffness on the LVI behavior of the auxetic CNTRC

laminate separately. To address this, we created an

imaginary CNTRC laminate beam (IM beam) having

an NPR same with the one produced by the 0.14 CNT

volume fraction laminate but having the moduli same

with the 0.17 CNT volume fraction laminate. There-

fore, if one compares the results between the IM

laminate and the 0.14 CNT volume fraction laminate,

the effect of the moduli can be observed. Meanwhile,

if one compares the results between IM laminate and

the 0.17 CNT volume fraction laminate, the effect of

the NPR can be observed. This additional IM beam

case is analyzed using the same developed theoretical

model. The new results for this IM beam are obtained

and compared with the results for the CNTRC

laminate beams with 0.14 and 0.17 CNT volume

fractions. The comparison is shown in Fig. 8. As one

can see, both higher moduli and the NPR can improve

the LVI behavior by comparing the historical force

and indentation curves, respectively. It also can be

noticed that the increased stiffness from 0.14 CNT

volume fraction to 0.17 CNT volume fraction has a

more significant contribution to the LVI behavior

compared with the increased NPR. Therefore, this

explains the conflict that the 0.14 CNT volume

fraction case shows the lowest NPR but not the best

LVI behavior. However, it is worth noting that the

above discussion is only true and meaningful within

the present material system.

4.3 The effect of FG pattern on NPR and LVI

response

Figure 9 depicts the out-of-plane Poisson’s ratio

affected by different FG patterns. Regardless of FG-

X or FG-O distributions, the NPR effect is not as

pronounced as that for the UD composite. Results of

the FG pattern effect on LVI responses of the CNTRC

beam is illustrated in Fig. 10. Since changing the FG

pattern also changes the stiffness of the composite, this

example also demonstrates the coupling effect

between the stiffness and the NPR, which, as men-

tioned in the previous example, is the potential cause

for the 0.14 CNT volume fraction being the best one

for auxeticity but not the one for highest peak force

and lowest indentation. Here, it is also interesting to

note that our results indicate the FG-O beam possesses

the best dynamic response under the LVI loading.

Fig. 9 The effect of FG pattern on effective Poisson’s ratio me13

of a [h/-h/h/-h/h] auxetic CNTRC laminated beam

Fig. 10 The effect of FG pattern of the [15/-15/15/-15/15]

auxetic nanocomposite beam: a historical contact force;

b historical indentation
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Such a finding is different from those reported in the

previous work (Fan and Wang 2016; 2017b) in which

they reported that the FG-X beam shows the best

dynamic response. This inconsistency could also be

due to the coupling effects between the stiffness and

the NPR effect, which will be further discussed and

verified in our next research project.

4.4 The thermal effect on NPR and LVI response

Figure 11 illustrates the temperature influence on the

NPR of a UD beam with Vcnt = 0.14. We find that the

NPR effect will be more significant when the temper-

ature is increased. In particular, the Poisson’s ratio

decreased by 51.5% when temperature increases from

300 to 500 K. It can be noticed that the NPR even

exceeds - 1.5 at 500 K. Finally, the dynamic behav-

iors of the FG-O CNTRC beam under different

temperature is illustrated in Fig. 12. The results show

that the peak impact force of the beam reduced by

14.8% and the indentation increased by 17.5% when

the temperature is increased from 300 K to 500 K. To

estimate the effectiveness of the thermoelastic stiff-

ening, the deflection vs. load at different temperatures

is plotted in Fig. 12c. It can be seen that the stiffening

increases as the temperature decreases. However, this

stiffening effect is not linear. More significant loss of

stiffening is observed when temperature decreases

from 400 to 300 K than the loss when temperature

decreases from 500 to 400 K. This nonlinear behavior

is closely related to the nonlinear temperature-

dependent thermal expansion coefficient of the

CNTRC laminate (see Table 1).

In summary, from Figs. 7, 9, and 11, it is evident

that the out-of-plane Poisson’s ratio can be greatly
Fig. 11 The effect of temperature on effective Poisson’s ratio

me13 of a [h/-h/h/-h/h] auxetic CNTRC laminated beam

Fig. 12 The effect of temperature of the [15/-15/15/-15/15]

auxetic nanocomposite beam: a historical contact force;

b historical indentation; c force versus deflection
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affected by the CNT volume fraction, temperature,

and the FG pattern. Similarly, we find that the effects

of CNT volume fraction, FG pattern, and temperature

on LVI response of the auxetic nanocomposite beam

are also quite significant from the relevant parametric

studies (see Figs. 8, 10, and 12).

5 Conclusions

The LVI response of an auxetic CNTRC laminated

beam with the out-of-plane NPR is investigated in this

paper. The contact process is modeled by a newly

developed Hertzian law to take into account the out-

of-plane Poisson’s ratio effect. The theoretical models

for NPR and LVI are both established. In addition to

the theoretical analysis, FEA is also employed to

verify the theoretical results and visually observe the

NPR effect. Both theoretical and finite element results

indicate that the auxetic beam leads to reduced elastic

deformation and increased impact force than nonaux-

etic beams. Moreover, our results show that the NPR

effect and the dynamic performance of the NPR beam

are sensitive to the CNT volume fraction, beam FG

pattern, and temperature. From our parametric study,

the laminated beam with a volume fraction of 0.14

shows the largest auxetic property among the three

CNT volume fractions we considered (i.e., 0.11, 0.14,

and 0.17) and this property would be further enhanced

by increasing the temperature. However, this beam

does not show the best behavior under the LVI due to

the concurrent change of the stiffness. Furthermore,

the temperature rise causing material softening could

potentially reduce the indentation resistance. Lastly,

our results show that the effect of FG distribution on

the NPR is limited and the FG-O beam exhibits a

comparably better LVI performance when compared

to the FG-X and UD beams. It is worth stressing that

the reduced elastic deflection and increased impact

peak force observed from the auxetic composites do

not translate directly to improved impact resistance.

Further nonlinear analysis incorporating appropriate

failure criteria needs to be performed to investigate the

effect of NPR on the impact resistance of the CNTRC

laminate beams.

The novel theoretical models developed in this

study as well as the results and discussions are

expected to facilitate the design of advanced auxetic

nanocomposite materials. Such composites are

potential ideal material candidates for next generation

lightweight automotive and aerospace structures with

exceptional indentation and impact resistance

capabilities.
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Appendix A

For the laminate with arbitrary layup, the relation

between load and deformation is written as

N
M

 �
¼ A B

B D

� �
e
j

 �
ðA:1Þ

From Eq. (A.1), we have

e ¼ A�1N� A�1Bj ðA:2Þ

M ¼ Beþ Dj ¼ BA�1Nþ ðD� BA�1BÞj ðA:3Þ

Equations (A.2) and (A.3) can be rewritten in the

form of matrix and vectors

e
M

 �
¼ A�1 �A�1B

BA�1 D� BA�1B

� �
N
j

 �
ðA:4Þ

Let A� ¼ A�1, B� ¼ �A�1B, H� ¼ BA�1,

D� ¼ D� BA�1B. Equation (4) can be expressed as

e
M

 �
¼ A� B�

H� D�

� �
N
j

 �
ðA:5Þ

From Eq. (A.5), we have

j ¼ �D��1H�Nþ D��1M ðA:6Þ

e ¼ ðA� � B�D��1H�ÞNþ B�D��1M ðA:7Þ

According to Eqs. (4), (A.6) and (A.7) can be

rewritten as

e
j

 �
¼ A� � B�D��1H� B�D��1

�D��1H� D��1

� �
N
M

 �

ðA:8Þ

If there is no bending moment applied on the

laminate, then we can obtain the expression of strain

vector
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e ¼ A� � B�D��1H�� 	
N

¼ A�1 þ A�1B D� BA�1B
� 	�1

BA�1
� �

N ¼ JN

ðA:9Þ

where

e ¼ e11 e22 e33 e12f gT ;
N ¼ N1 N2 N3 N12f gT ; ðA:10Þ

A ¼

A11 A12 A13 A16

A12 A22 A23 A26

A13 A23 A33 A36

A16 A26 A36 A66

2
6664

3
7775; B ¼

B11 B12 B13 B16

B12 B22 B23 B26

B13 B23 B33 B36

B16 B26 B36 B66

2
6664

3
7775

D ¼

D11 D12 D13 D16

D12 D22 D23 D26

D13 D23 D33 D36

D16 D26 D36 D66

2
6664

3
7775;

ðA:11Þ

Appendix B

In Eqs. (42) and (43)

g30 ¼ �c17 þ m2 c18 þ c19ð Þ c21m
2 � c23

c22m
2 þ c23

� c29 þ c28

c21m
2 � c23

c22m
2 þ c23


 �
c12m

4

c22m
2 þ c23

ðB:1Þ

g31 ¼ m4 c11 � c12

c21m
2 � c23

c22m
2 þ c23

� �

þ 2m2p c15 � c14

c21 � c23

c22 þ c23

� �
U

þ 2pC1 c15 � c14

c21m
2 � c23

c22m
2 þ c23

� �
U

ðB:2Þ

g32 ¼ 2m3p c15 � c14

c21m
2 � c23

c22m
2 þ c23

� �

þ 3

4
p2C2c13U

ðB:3Þ

g33 ¼ m4p2

4
c13 ðB:4Þ

gq ¼
2kcbL

5=2

p3 �D11

sin
m

2
p ðB:5Þ

gi ¼ � kcq0L
5=2

p2ME0

ðB:6Þ

In Eqs. (B.2) and (B.3), C1 and C2 are dependent on

the value of m. When m = 1, C1 and C2 are both

equaled to 1. In other case, C1 = C2 = 0.
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